Graph isomorphism and graphs identified by
multivariate spectrum

hom(F,G) = hom(F, H)VF

hom(P, G) = hom(P, H)VP
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Figure 1: Relation among equivalence classes of graphs




2 Preliminary

Let A = (Ay, Ag, ..., Ag) be a k-tuple of n X n integral matrices. Let s = (s1, s9,. .., Sk)
be a k-tuple of complex variables. We define

k
Wa(s) =Wa, 4y, 4,(51,52,...,5) = ZSiAi~ (1)
=1

Denote by ¢a(s;t) = det(t] — Wa(s)) the characteristic polynomial of W4(s).

Theorem 2.1. Let A = (A1, As, ..., Ag) be a k-tuple of n X n integral matrices. Let s =
(s1,82,...,8kK) be a k-tuple of complex variables. Then there exist values sg = (51, 82, ..., k)
such that ¢a(s;t) and ¢g(s;t) are identically the same in t if and only if ¢pa(so;t) =
¢B(30; t).

Proof. Let pa(s;t) = 21 ¢ (s)t! be the expansion of ¢a(s; t). Let ¢p(s;t) = S0, ¢ (s)t!
be the expansion of ¢g(s;t). Then ¢ (s;t) and ¢p(s;t) are not identical if and only if there
exists an index ¢ such that the multivariate polynomial

di(s) = }{ () = ¢y () (2)
is not identically zero. Take k algebraically independent numbers sy = (81, S, ..., 8;) over
7 suffice. O

Theorem 2.2. Let Ay and B; be two real symmetric matrices of order n. Let e;, i =
1,2,...,p be zero-one vectors of length n such that the positions of the ones are disjoint. Let

J@j = eieJT fori,j = 1, 2, N Y and k = 1+p2 Let A = (Al, AQ, ce ,Ak) = (Al, Jl,la JLQ, ceey me)
and B = (By1,Bs, ..., By) = (B1,Ji1, 12, ..., Jpp). Then the matrices Wa(s) and Wg(s)
have identically the same characteristic polynomials if and only if they are similar via a fixed
orthogonal matriz @), independent of s, such that

1. @ is a block matriz with blocks corresponding to the ones in e;,1 = 2,3,...,k;

2. the sum of each row or column of Q) is 1.

Moreover, Q"W4, = Wg,, where
7 74 n—1 n—1 n—1
Wa=ler,Aeq, ..., A" eq,e9, Aeg, ..., A" Teg, ... €5, Ay, ... AV ey (3)

Proof. Note that J; ;,i,7 = 1,2,...,p commute with each other. So there exists an orthog-
onal matrix O such that

OTJZ‘J'O = TLZ',]‘EZ‘,]‘, (4)



where E;; is the matrix whose only nonzero entry is a 1 in the (z J)- entry. Replace
A, = OT4,0, B, = O"B,O, for i = 1,2,...,k. For A = (Al,AQ,.. Ak) and B =
(Bl, By, ... ,Bk) we have

det(tI — A, — Z si N B ;) = det(t] — oB, — Z i N Ei ;) (5)
,j=1 1,j=1
for all x,s11,51,2,...,5y, € C. By expanding the minors along the first p rows, we get

Z Z (—1)x] (H Si.0(i) i o (i) ) det(t — a:Al) KL[L]

K,LCF 0:K4+L i€eK
|K[=|L]

_ Z Z (—1)/% (st( nwz>det(tf—:l:Bl)[K][]

K,LCF K<L ieK
|K|=|L|
where F' denotes the set {1,2,...,p} and Xk denotes the submatrix of X obtained
by deleting the rows corresponding to K and the columns corresponding to L. Since s, j,
1 <1,7 < p are arbitrary, we get

det(t] — «TAI)[K],[L] = det(tI — xBl)[K],[L]a (6)
for K, L C F with |K| = |L|. It follows that (Al)[FHF} and (31)[F]7[F] are orthogonally
similar. We may assume that after suitable similarities of the form P = % 8] it holds

B al,l e al,p a;+1,1 Ce a;l 7]
T T
1211 _ | @1 Gpp Xptip o Qg (7)
Apr11 0 Opitp Appidm,, 0 0
: : 0 0
| g1 Qg 0 0 Aglm, |
and
[ bir o biy ;_171 qu 7
. . To AR :r
El _ bp,l c bp,p p+1,p T q.k 7 (8)
ﬁpH,l e 5p+1,p >‘p+1[mp+1 0 0
: : : 0 0
L 5q,1 e ﬁq,p 0 0 /\q]mq-



where A\pi1,...,A; are the distinct eigenvalues of A[F],m (and also of B[F],[F])- For 7,/ € F,
we define

a9
T (is Qe)
Ui o= 0ipt — zQ;i 0 — SigNiy + g — ", (9)
. t— ZL’)\]‘
J=p+1

and

2*(Bji, Bje)

q
By = 0ot — xbip — S5m0 + Z t—axX;
j

Jj=p+1

(10)

where 9; ¢ is the Kronecker delta function, namely

5,= 1 Z,:g’ (11)
’ 0, ©#UY.

Expand Eq. (6) with K = L = {2,3,...,p}, and we get

q
det(t] — xAl)[{Q,S ..... p}],[{2,3 _____ p}] = 9(1’1 H (t — (L’)\j)mj (12)
J=p+1
and

q

det(tl — s1B1)p23. oy i23.on = Bra [ (E—aX)™, (13)

Jj=p+1

We conclude that a; 1 = by and (a; 1, 1) = (Bj1,5;1) for j =p,p+1,...,q. Similarly, we
have a;; = b;; and (a;;, ;) = (B, B;) fori =1,2,....pand j =p,p+1,...,q. Now we
expand Eq. (6) with K = L = {3,4,...,p} and get

q
det(t] — .TA1)[{374 ,,,,, p}H,[{3,4,....0}] — (911@9[272 — 22(1,252[2,1) H (t — JI)\j)mj, (14)
Jj=p+1
and
X q
det(t[ — $Bl)[{3,4 77777 p}],[{3,4,....0}] = (%171%272 — %172%2,1) H (t — l‘)\j)mj. (15)
Jj=p+1
Therefore,
A 1RkAo 0 — A oAs g =By 1Boo — BBy, (16)
Consider the polynomial term, and we get
(t — xajy — s1ni)(t — Tage — Seange) — (—xajy — S12ma)(—xag — Se1nay) (17)
=(t — b1y — s11n11)(t — Tbay — S2amas) — (—xb1a — S12n12) (—bay — S21M91). (18)



Hence, a1 = b1 2 and a1 = by ;. Similarly, we have a; ; = b; ; for 1 <14, 5 < p. Consider the
coefficient of ﬁ, and we get
J

(t = zan — sunun)(x 2<04j27 j2)) + (6 — wag — soanm)(z <aj1, ;1)) (19)
— (—za1y — s19mi2) (2 (a2, 1)) — (—was — sona) (@ (a1, aj2)) (20)
=(t — xbi — s11n11)(2*(Bj2, Bj2)) + (t — wbaz — S2ama0) (@ (Bj1, Bj1)) (21)
( xbiy — 8127112)( <5g2, 531>) ( xboy — 821”21)( <5j1, 5j2>)- ( )

Hence, (aj1,j2) = (Bj1, Bja), (o, aji) = (Bj2, Bjn) for j = p+1,p+2,...,q. Similarly,
we have (o, ) = (B4, Bje), for j=p+1,p+2,...,9q,1 <1 # ¢ < p. Therefore, there

exists an orthogonal matrix R = [é’ 3] such that A, = RTB;R. Consider Q = OR, then
Q"Wa(s)Q = Wg(s), and it satisfies the conditions in the theorem. O

Theorem 2.3. Let Ay and By be two real symmetric matrices of order n. Let e;, i =
1,2,...,p be zero-one vectors of length n such that the positions of the ones are disjoint. Let
Jii=eie] fori,j=1,2,....pandk =1+p. Let A= (A}, Ag,..., Ax) = (A1, 11, Jon, s Jpp)
and B = (By, By, ..., By) = (B1,Ji1,Jag, .., Jpp). Suppose e] Aje; #0 for 1 <i+#j<p
or p < 2. Then the matrices Wa(s) and Wg(s) have identically the same characteristic
polynomials if and only if they are similar via a fixed orthogonal matrixz QQ, independent of
s, such that

1. Q s a block matriz with blocks corresponding to the ones in e;, 1 = 2,3,...,k;

2. the sum of each row or column of @ is 1.

Moreover, Q"W , = Wpg,, where
774 n—1 n—1 n—1
Wy =ler, Aer, ..., A" Teq,eq, Aeg, ... ;A" eg, ... ey, Aey, ..., A" ey, (23)

Proof. Note that J;;,© =1,2,...,p commute with each other. So there exists an orthogonal
matrix O such that

OTJMO = nuEm (24)

where E;; is the matrix whose only nonzero entry is a 1 in the (i,j)-entry. Replace
A; = OTA,0, B; = OTB,O, fori = 1,2,...,k. For A = (A1, As, ..., Ax) and B =
(Bl, B, ... ,Bk) we have

p p
det(t] — ZL’Al — Z si,mi’iEi,i) = det(tl — J,’El — Z Si,ini,iEi,i) (25)

i=1 i=1



for all x,s11,51,..

KCF

=Y -

KCF

where F' denotes the set {1,2,...

€K

e K

) det(tl — xAl)[K]7[K]

) det(tI — JIBl)[K]y[K]

., 5pp € C. By expanding the minors along the first p rows, we get

S (1)

,p} and X[g) 1) denotes the submatrix of X obtained

by deleting the rows corresponding to K and the columns corresponding to L. Since s;;,

1 <1 < p are arbitrary, we get

det(t] — 2 Ay) ) = det(t] — 2B1) k) x)

(26)

for K C F. It follows that (fll)[ 7], and (Bl)[p],[ ] are orthogonally similar. We may assume

that after suitable similarities of the form P = [% 2} it holds
[ a1 Ay Qg agp ]
A = p,1 Ap,p 0‘;+1,p O‘;r,k: (27)
Qp+1,1 Apt1p Aptidm,, 0 0
: 0 0
| Qg1 g p 0 0 Alnm,]
and
[ bl,l bl,p pT+1,1 qT,l 1
. b 1 b T T
B = b, p,p p+1,p q,k ’ 28
! Bp+1,1 Botip Aptilm, s 0 0 (28)
: : 0 . 0
L 6q,1 6q,p 0 0 /\q]mq_
where A\pi1,...,A; are the distinct eigenvalues of A[FL[F} (and also of B[F],[F])- For ¢,/ € F,
we define
Wy = Gielt ) + i T 030 0t) (29)
i,0 = 04,0l = SiqMi) — Ty ’
£ o o £ ‘ t—x;
j=p+1
and
q 2/83.. 7.
%Zg = 5i,g(t Si’ﬂli’i) l’bz,e -+ Z M (30)

t—l’)\j ’



where 0; ¢ is the Kronecker delta function, namely
1, 1=/
Su=4 """ (31)
0, ©#UL.
Expand Eq. (26) with K = {2,3,...,p}, and we get

q

det(tl - l’Al)[{Q’:g 77777 p},[{2,3,...,0}] — 2[171 H (t - ZL‘)\j)mj (32)
Jj=p+1
and
R q
det(t] — 81B1)[{273 77777 p}H{Q,g ..... p}} = %171 H (t — l‘)\j)mj. (33)
J=p+1

We conclude that a; 1 = by and (a; 1, 1) = (Bj1,5;1) for j =p,p+1,...,q. Similarly, we
have a;; = b;; and (a;;, ;) = (B, B;) fori =1,2,....pand j =p,p+1,...,9. Now we
expand Eq. (26) with K = {3,4,...,p} and get

det(t] — x A1) (3.4, p) (34,0 (34)
q
= (9[1,19[2,2 - Ql1,2912,1) H (t - x)\j)mjy (35)
J=p+1
and
det(t] — xB1) (s, p)l (34,0} (36)
q
= (%1,1%272 — %172%271) H (t — x)\j)mj. (37)
Jj=p+1
Therefore,
A1 1%Aoo — A 2%s 1 = B 1Boo — By 2Bo ;. (38)
Consider the polynomial term, and we get
(t — za;n — s11n11)(t — Tae — Saange) — (—xaiz — s12M12)(—Ta — Sa1na21) (39)
=(t — b1y — s11n11)(t — xbay — Soamaa) — (—xb1a — S12n12)(—bay — S21M91). (40)

Hence, a; 2 = b1 2 and ag; = by ;. Similarly, we have a; ; = b; ; for 1 <14,j < p. Consider the
coefficient of #, and we get
J

(t — xay; — syna)(2%{ajo, aje)) + (t — Tage — seamag) (v {1, 1))
— (—zarz) (% (a2, aj1)) — (—zaz) (@ (a1, o))

=(t — abyy — s11n11)(2*(Bja, Bja)) + (t — wbos — s99ma0) (2 (Bj1, Bjn))
— (=xbio)(@*(Bj2, Bj1)) — (—aban)(@*(Bj1, Bja))-



Hence, aia{aji, ajo) = b12(B1, Bj2) for j = p+1,p+2,...,q. Consider the coefficient of

W, and we get

o () 105050 — (g1, a50)®) = (6}, 81 85852 — (Bjn, Bj2)?)- (45)
Hence, (a1, ajo)? = (Bj1, Bj2)? for j =p+1,p+2,...,q. Therefore,
a2 = b1, (46)
<aj17aj2>:<ﬁjl>ﬁj2>a ]:p+1ap+277q
or

{G12 = —byo, (47)

(aji,00) = —(Bj1, Bj2), 7=p+1Lp+2,...,q

1 0 0
In the latter case, consider N = |0 —1 0| and N TélN , then it reduces to the first case.
0 I

0
Similarly, we get a; ; = +b;;, ¢,7 =1,2,...,p and

<Oéj,i7aj,5> ::l:<6j,kaﬁj,€>7 j:p+1ap+277Q7 Z’f: 1,2,---,]7- (48>

Next we try to show that the minus sign case can be reduced to positive sign case consistently.
We can turn the minus sign case to the positive sign case sequentially and get a5 = b12, as3 =

bos, ..., Gp_1p = bp_1,. Consequently, (a;;, ajit1) = (Bji, Bjit1) for i =1,2,...,p—1 and
j=p+1L,p+2,...,q. We expand Eq. (26) with K = L = {4,5,...,p} and get

Aq 1R 22A3 3 + Ay 2R:Ao 3As 1 + Ay 3RAs 1 A3 0
— Ay 3o Az 1 — Ay Ao 1Az 3 — Ay 12As 32A3 5

=0B11B29B33 + B12B23B31 + B 3B 1B3o
— 813829831 — B1 2821 B33 — B 1B23B3,.

Consider the terms without ¢, and we obtained

(a11 — s11m11)(a2e — SaaMaz)(ass — S33nss) + (a12)agsas: + a13a21032 (
- CL1,3(CL2,2 - 53n3)a3,1 - a1,2a2,1(03,3 - 54714) - (a1,1 - Sznz)a2,3as,2 (54
(b1 — sam2)(bo,2 — s3n3)(b3 3 — Sam4) + b1 2b2 3031 + b1 3b21b3 2 (
- 51,3(52,2 - S3n3)b3,1 - 51,252,1(53,3 - 84714) - (51,1 - 82712)52,353,2' (

Note that we have Qi = bm’ for i = 1, 2, 3, and 12 = bl’g = Q21 = bg’l, a23 = b2’3 = das2 =
b3,2, SO

(a1,3 - 51,3)((01,3 + 51,3)(612,2 - $3n3) - 2a1,2a3,2) = 0. (57)



Therefore,
a3 = 51,37 (58)

or

aypaz = 0.

= —b
{am 1,35 (59)

T T
Note that by assumption a2 = e—lAle—zu # 0 and agy = iAle—gu #0. Soars3=bz=

N llexl] lles]|
€1
llexl]

AlHZ—gll # 0. Similarly, we have a; ; = b; ; = for 1 < |i — j| < p — 1. Altogether, we have

<&j,i7&j,€> - <Bj,k’a5j,£>7 j:p+17p+277Q7 ’L,f: 1727"'ap' (60)
Therefore, there exists an orthogonal matrix R = [ é’ 3} such that /11 = RTél R. Consider
Q=OR (or @Q=O0ONRif p=2), then Q"W (s)Q = Wg(s), and it satisfies the conditions
in the theorem. O

Definition 2.4. Let G = (V, E) be a graph. A graph-vector of G is a vector g € RV such
that it is invariant under the automorphisms of G, namely if P is a permutation matriz such
that PTAGP = Ag, then €G = Png.

Lemma 2.5. Let G = (V, E) be a graph. Then all the graph-vectors of G form a linear
subspace of RV, whose dimension is equal to the number of orbits of Aut(G). More precisely,
the graph-vectors of G are those which take constant value within an orbit.

Proof. We construct a basis of graph-vectors directly. Let (G, zg) be a rooted graph where
xo € V. Consider the vector g 4, € RV as follows.

)1, (Gix) = (G, a0)
gG,xo(x) - {0’ (G, [E) %}é (G,ZBQ). (61)

It is clear that &g, is invariant under the action of Aut(G). Therefore, {4, is indeed a
graph-vector. Moreover, {g 2, = §a 4 if To and zj are in the same orbit of Aut(G).

Note that a graph-vector is invariant under the action of Aut(G), therefore it is a linear
combination of £ ., with 2o € V. We conclude that {{z .., 20 € V'} gives a basis of graph-
vectors, whose size is equal to the number of orbits of Aut(G). n

Lemma 2.6. Let Q) be a rational matriz and U be a unimodular matriz. Then ((Q) = ¢(QU).

Proof. Suppose R = QU. Then ((Q)R = ¢(Q)QU is an integral matrix. Therefore, {(R) |
¢(Q). On the other hand, @ = RU' and U™! is unimodular. Therefore, £(Q) | ¢(R).
Altogether, we get £(Q) = ((QU). O



Lemma 2.7. Let X and Y be two n X m integral matrices (n < m) and let Q) be a square
matrix of order n. Suppose QX =Y and X is of full row rank. Then Q) is a unique rational
matriz and ((Q) | d,(X), where d,(X) is the last invariant factor of X.

Proof. For each row ¢' of @ and the corresponding row y' of Y, we have ¢' X = y'. Since
X is of full rank and both X and Y are integral matrices, the row ¢' is determined by
X and Y, and it is rational. Hence, ) is a unique rational matrix. Consider the Smith
decomposition of X, namely X = UXV, where both U and V are unimodular matrices.
Then QUYV =Y. Hence, QUY = YV ! is integral. Note that d,(X) = d,(X2). Hence,

U(Q) = HQU) | dn(%) = dn(X). =

Lemma 2.8 ([WY16, Lemma 4.5]). Let Q be a rational orthogonal matriz, A a symmetric
integral matriz, such that Q" AQ is a symmetric integral matriz. Suppose p is an odd prime,
p | 0Q), and p | Aa, where Ay is the discriminant of A. Then p* | Aa.

3 The Weisfeiler-Lehman algorithm

Let A:V xV — C be a square matrix indexed by V', whose entries take value in a set
C. We define an equivalence relation on the set of k-tuples in V*. Let U;, be the set of all
such k-tuples. Two k-tuples (i1, s, ...,4) and (j1,J2, ..., jk) are equivalent if

1. i =iy if and only if j, = jj,

2. A(ig, ig/) = ¢ if and only if A(jg,jgl) = C.

We define the atomic type atp(iq, is, . .., i) = atpy (i1, ia, . . ., i) of a k-tuple as its equiv-

alence class. The information of atomic type atp(iy,is, ..., i) can be encoded in a k x k
matrix 7" with

(O, A@pv iq))> ip = iqv
(L A(ipv iq))7 ip 7& iQ’

Let S; be the set of all different types of k-tuples, and it is the set of initial colors. We define
the set S of colors by

Tp,q = T(A7 k)p,q = { (62)

S=J S (63)
k=1

where elements of S, ; are finite multisets, which can be regarded as formal sums, of finite
sequences whose elements are in Uj_,Si. In fact, it is enough to work with as many colors
as k-tuples by renaming the colors in each round.

The k-WL algorithm works by iteratively assign colors to Uy. That is to say, we define
the functions X7, : Uy — S. For r = 1, we define

Xhp(iy. . ig) = atpy(iy. .. ix). (64)

10



Sequentially we have

meV

where S (i1 ...4xm) is the sequence

(Xz,k(ll e ik_lm), e 7X27k(i1 e Z'g_lml'g_;_l v Zk), e ,Xz’k(mig e Zk)) (66)

The summation in Eq. (65) is regarded as a formal sum.

Note that X7, , induces a partition P(A,k,7) of the set Uj, of k-tuples for each r > 1.
In particular, atp,, in other words X}Lk, induces a partition, denoted by P(A, k). The
partition sequence stabilizes for sufficiently large r, denoted by P(A, k,00). We define the
closure cl(P) of P = P(A, k) as P(A, k,00). There is a partial order among the partitions
of Uy. Let Pi, P, be two partitions of a set X. We say P, is finer than P,, or P, is coarser
than P;, denoted by P, d P, if every part of P is contained in a part of P,. Note that

P(Ak)=P(A k1> PAE2)D>.--->PAKkT)> .- >P(Ak o00) =cl(P(AEk)).

(67)
We write 2 & y if x and y are in the same part of P.
We define an invariant to record the result of £-WL coloring.
Lak(t) =Y "My, (68)
r=0
where
Mye= > Xuuli...ir). (69)

(il...ik)Euk

Proposition 3.1 (Analogue of [AIP10, Proposition 4]). Let A, B : V. xV — C be two square
matrices. Then I4(t) = Ig(t) if and only if there exists a permutation o of k-tuples in Uy,
such that X7 (i1 ...ix) = Xp(0o(ir...ix)) for all v > 1. In particular,

atp (i1 ... 1) = atpg(o(iy ... ix)). (70)

Proof. The ‘if’ part is obvious. Conversely, assume [4;(t) = Ig(t). The coefficient of t"
for r = |V|* implies the existence of a permutation o on the set Uj, of k-tuples such that

XN G i) = XYL (oin . ix)) (71)
Then

X plin .o ip) = Xpp(o(in. .. ix)) (72)
holds for all 1 < r < |V|*. Since the WL refinement stabilizes after at most |V|* itera-
tions, Eq. (72) holds for r > |V|k. O

11



Theorem 3.2. Let A : V x V — C be a square matriz and let P be the partition of V?
induced by atp,. Suppose P’ is a partition of V* induced by A’ : V. x V. — C' such that
P> P> cl(P). Then cl(P') = cl(P). In particular, we have X' 5(i1,i2) = X 5(j1,J2) for
all v > 1 if and only if X} 4(i1,i2) = X 5(j1,J2) for all r > 1.

Proof. 1t is clear that cl(P) > cl(P’). We only need to show that cl(P’) &> cl(P). Suppose
cl(P)

(i1,42) ~" (j1,72)- Then X7} 5(i1,i2) = X} 5(j1,J2) for all r > 1. By Proposition 3.1, there
exists a permutation of V2 such that

X0y (in,i2) = X5 (0 (i1, 1)) (73)

for all r > 1, where (j1,j2) = 0(i1,12). We have

X o(ir,d2) = X7 5(d1, J2), (74)
and
Z (atp(ilﬂ i2, m)? X;l,2(i17 m)? X;l,2(m7 Z2)) = Z (atp(jlu J25 m)? Xg,2(j17 m)7 XE,Z(WIW ]2))
meV meV
(75)

Therefore, there exists a permutation 7 = 7(0, 41, 43) such that

atp 4 (i1, 12, 13) = atp(j1, j2, 7(i3)), (76)
X o(in,i3) = X7 5 (j1, 7(43)), (77)
X2,2(i3a in) = X£72(T(i3),j2), (78)

for all i3 € V. Since atp,(iy,ia,i3) = atpy(j1, jo, 7(i3)), we know that the first entry (0
or 1) in T'(A’,3),, is identical for (i,1s,3) and (j1,j2, 7(i3)). Now we consider the sec-
ond entry. Note that we have X7 ,(i1,i2) = X} 5(j1,J2), Xho(i1,43) = X4 5(j1,7(43)), and

X o(i3,19) = XU 5(7(13), jo) for all 7 > 1. Take r sufficiently large, and we obtain (i1, is) 0

(1.32). (in.) % (G0, 7). and (i, i) 7 (7(32). ). Hemee, (in,i2) % (v, Go). (in, ) ©
(71,7(i3)), and (i3, is) ¢ (7(i3),72). Moreover, take io = i1 in Eqs. (77) and (78), and we
conclude that X7 5(i1,i3) = X} 5(j1,73) if and only if X7 »(43,41) = X} 5(J3,71). Therefore,
atpA/(il,ig,i3) = atpA/(jl,jg,T(ig)). So X}V’Q(Z‘l,ig) = Xilg(jl,jg) = X}l/g(d(il,ig)). Next,
we prove that X7, 5(i1,i2) = X'y 5(0(i1,42)). This is indeed the case since

atp y (i1, i2,43) = atp (J1, j2, 7(43)), (79)

Xy o(i1,13) = Xy o1, 7(i3)), (80)

X,tl’,2(i3v ig) = X2,72(7‘(i3),j2), (81)

holds by induction. In other words, (i1, s) <& o(j1,j2). We conclude that cl(P) = cl(P’).
]
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Theorem 3.3 (Analogue of [AIP10, Theorem 3]). Let A,B : V. xV — C be two square
matrices, where C' is a (not necessarily commutative) ring. If X 5(i,j) = X5,(p,q), then

(A")(i,7) = (B")(p,q)-

Proof. We prove by induction on the number of iteration. The case r = 1 is trivial. Suppose
the claim is true for . Then for » + 1 we have

XiH(i,5) = X35 (p.q) (82)

By Eq. (65), we have

Z (atp(ia j7 m)v X;,Q(i7 m)’ X:l,Q(ma j)) = Z (atp(pa q, m)a ng(p, m>7 XE,2(m7 Q)) (83)

meV meV

Therefore there exists a permutation 7 on V' such that

atpA(L jv m) = ath (pa q, T(m)) (84)

Xa(i,m) = Xpo(p, 7(m)) (85)

Xpo(m, j) = Xp,(7(m), q) (86)

By the induction hypothesis, we have

A(i,m) = B(p,7(m)) (87)

A(m, j) = B(7(m),q) (88)

(A")(i,m) = (B")(p,7(m)) (89)

(A")(m, j) = (B")(r(m),q (90)

In other words, (A™™1)(i,j) = (B")(p, q). 0

Theorem 3.4 (Analogue of [AIP10, Theorem 4]). Let A; and By be two real symmet-
ric matrices of order m. Let e;, i = 1,2,...,p be zero-one vectors of length n such that
the positions of the ones are disjoint. Let J;; = eiejT fori,5 = 1,2,...,p and k =
1+ p2. Let A = (Al,AQ, ce ,Ak) = (Al, J171, JLQ, ceey Jp7p) and B = (Bl,BQ, ce ,Bk) =
(Brs Ji1s J12s -5 Jpp)- If Tw(ae)2(t) = Iw(s)2(t), then pa(s;t) = dp(s;t).

Proof. Assume Iy (a.s)2(t) = Iw(B,s)2(t). By Proposition 3.1, there exists a permutation o
of the set Uy of 2-tuples such that for every 2-tuple (i, 7), it holds

Xivias 206 J) = Xiy(p,s) 20, 7)) (92)
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for all » > 1. For r = 1, we have

atPy (a6 (4, 7) = atpy (g ) (0 (4, 7)) (93)

If © = 7, then ¢ send the diagonal of XICV(A,.S),Q to the diagonal of Xy (B s) 2, namely

o(i,i) = (p,p) (94)

for some p € V. Therefore,
Z Xiv(a,s2(i1) = Z Xy (B,s)2(0 (i, 7). (95)

By Theorem 3.3, we get

Y (WA 9))(i,i) = Y (W(B,s)) (0(i,1)): (96)

In other words Tr(W (A, s)") = Tr((W(B, s))") for all » > 1. Then ¢a(s;t) = ¢p(s;t). O

Theorem 3.5. Let G and H be two graphs on'V' sharing the same degree sequences. Without
loss of generality, suppose deg(v) = degy(v) = degy(v) for all v € V. Therefore, we
have the degree decomposition of vertices V.= | ['_, V;. Let A and B be the adjacency
matrices of G and H respectively. Let e; € RV, i = 1,2,...,p be zero-one vectors such
that e;(v) = 1 if and only if v € V;. Let J;; = ez-ejT fori,5 = 1,2,...,p. Let D;j(u,v) =

1, u=vey,

0, otherwise.
Define A" = soAg + s1Jiq + -+ + Spdp, and B" = soB + s1J11 + -+ + spJpp. Define
A”/ = SoAO + 8171J171 + 8172(]172 + -4 Spme and B/” = S()B + 8171J171 + 31,2;]172 + -+ SpJpJ,.
Then the followings are equivalent.

1. Ix5(t) = Ipal(t).
2. Laao(t) = Ipo(t).
3. Lano(t) = Ipna(t).
4. Lamo(t) = Ipm o(t).
Proof. Let P, P', P", P" be the partition induced by A, A", A”, A” respectively. By Theo-

rem 3.2, we only need to show that P > P’ > cl(P) and P > P” > P" > cl(P) since

the case for B is identical. Suppose (u,v) 4D (z,w). By Proposition 3.1, there exists a

permutation o of 2-tuples such that

Define A" = sgA+ s1D1 + -+ s,D, and B' = 5B + 51Dy + - - - + 5,D,.

XZ,Q(UH U) = XZX,Q(Z? ’U)) (97>
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for all r > 1, where (z,w) = o(u,v) for (u,v) € V2. By Theorem 3.3, we have (A")(u,v) =
(A")(2,w). Note that o maps the diagonal of X7, , to diagonal of X7} ,. In particular, we
have deg(u) = (A2%)(u,u) = (A%)(z, z) = deg(z). Therefore, we have o(diag(V;?)) = diag(V;?)
for i =1,2,...,p, where diag(V;?) := {(v,v) € V?}. We conclude that P > P’' > cl(P).

It is clear that o(offdiag(V?)) = offdiag(V?), where offdiag(V?) := {(u,v) € V? | u # v}.
We claim that o (offdiag(V;?)) = offdiag(V:?) fori = 1,2,. .., p, where offdiag(V?) := {(u,v) €
V2| u# v}. Suppose (u1,us) € offdiag(V;?) and o (uy, us) = (21, 22). Take r = 3, and expand

Xi,Z(u7 U) = Xz,Q(za ’lU) (98)
We get
Z(atpA<u17u2>m)ale,2(u17m)7Xi,2(m?uZ)) (99)
meV
= Z (atp 4 (21, 22,m), Xfm(zl, m), Xfm(m, 29)). (100)
meV

Therefore, there exists a permutation 7 of V' such that

(atpA(ulau27m)ﬂXiQ(ubm)’le,2(mvu2)) (101)
:<atpA(ZlaZ27T<m)>7X/%},Q(ZlaT(m))valQ(T( ) )) (102)
We claim 7(u;) = 2z and 7(up) = 2. In fact, X3,(ur,u1) = X3,(21,7(u1)) implies

atpy(ur,u1) = atpy(z1,7(u1)). Hence, 7(uy) = 2. Similarly, ( 2) = 2. In particular,
we get X3 o(ur, u1) = X3 ,5(21, 21), thus deg(u;) = A*(ur, u1) = A*(21, 21) = deg(z1). There-
fore, z; € V;. Similarly, zo € V;. We conclude that o(offdiag(V; )) = offdiag(V;?), thus

o(V?) = V7.

Next we claim that o(V; x V;) =V; x V; for 1 < i # j < p. Suppose (u1,usz) € V; x V;
and o(uy,u2) = (z1,22). By similar argument we get z; € V; and 2z, € V;. Therefore,
o(VixV;)=V; xV; for 1 <i# j <p. Hence, we obtain P > P" > P" > cl(P). O
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